Detecting entanglement with a thermometer 
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We present a general argument showing that the temperature as well as other thermodynamical 
state variables can qualify as entanglement witnesses for spatial entanglement. This holds for a 
variety of systems and we exemplify our ideas using a simple free non-interacting Bosonic gas. 
We find that entanglement can exist at arbitrarily high temperatures, provided that we can probe 
smaller and smaller regions of space. We then discuss the relationship between the occurrence of 
Bose-Einstein condensation and our conditions for the presence of entanglement and compare the 
respective critical temperatures. We close with a short discussion of the idea of seeing entanglement 
as a macroscopic property in thermodynamical systems and its possible relation to phase transitions 
in general. 



I. INTRODUCTION 

Entanglement is a fundamcntal fcaturc of quantum me- 
chanics and is seen as one of the most important resources 
in quantum information theory. It provides the key ingre- 
dient for teleportation schemes P, 0] , one-way quantum 
computer 0, Q and many quantum cryptography proto- 
cols Furthermore, entanglement may help us un- 
derstand and explain a variety of quantumphcnomcna, 
as for example quantum phase transitions Q. 

The experimental verification of the existence of entan- 
glement in a system under observation is however still a 
challenging problem. One solution is to perform a full 
state tomography to be able to write down the full den- 
sity matrix describing the state of the system. This is 
however frcquently unfeasible because of the multitude of 
required measurements. It furthermore raises the ques- 
tion of how to mathematically confirm entanglement once 
the state is known, or What criterion do we have, to de- 
cide whether a known density matrix is entangled? A sec- 
ond way is to measure an experimentally feasible observ- 
able, an entanglement witness (EW) [s, 9]. In contrast to 
a full state tomography, EWs are designed to detect only 
one property of the system - its entanglement - without 
need to know other details of its state. This approach can 
reduce the experimental effort greatly. The most promi- 
nent example of an EW arc the Bcll-incqualities - a set of 
measurements whose outeomes have to obey an inequal- 
ity relation if the state was separable. The violation of 
a Bcll-incquality telis immediatcly that the system was 
entangled, even though one does not know what state 
is observed. Entanglement witnesses have been estab- 
lished to observe entanglement in a variety of systems 
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such as qubit systems EIIH, spin chains and 
harmònic chains 0, However, to the best of our 

knowledgc, no attempts have been made to use EWs for 
general continuous variable systems such as the spatial 
correlations in a Bosonic gas. 

The quintessential problem is to identify entanglement 
witnesses that are significant for genèric systems and 
which are convenient to measure in practico. Most sys- 
tems oceurring in nature settle to a thermal equilibrium 
state, which can be characterised by macroscopic state 
variables like the temperature, pressure, and so on. In 
this paper we argue why entanglement itself can be seen 
as such a macroscopic property of the system and that 
it can be observed using easily measurable thermody- 
namical state variables. Some investigations supporting 
the way of seeing entanglement as a thermodynamical 
property have recently appeared [Ï5j : in particular the 
magnètic susceptibility [la. Il"ï| of some sòlids and their 
heat capacity [ÏJ were identified as entanglement wit- 
nesses. Here we present an argument, that invokes only 
the Hciscnbcrg principio, to show that separable config- 
urations of a free non-interacting Bosonic gas are macro- 
scopically distinguishablc from entangled configuration of 
the gas. Our approach indicates that the previous find- 
ings are not just accidental isolated instances but that in 
fact many thermodynamical state variables could serve 
as witnesses of entanglement. 

This paper is organised as follows. We begin with a 
short introduction of entanglement witnesses in Section 
lïïl In Section IIIII we introduce our approach of identi- 
fying a thermodynamical state variable as an EW. We 
exemplify this approach by calculating the lowest energy 
of a free Bosonic gas in a d-dimensional box under the 
assumption that the gas was in a spatially separable con- 
figuration. In Section lïVl we introduce thermal states of 
the gas and derive the transition temperature at which 
the gas undergoes a transition from separability to entan- 
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FIG. 1: Temperature as an entangiement witness. The fig- 
ure shows the set of separable states p sop with respect to some 
spatial partition and the set of entangled states p cnt . We show 
in this paper that separable states are "hotter" than their en- 
tangled counterparts. A measurement of the temperature of 
the system giving a temperature lower than Ti owcst telis us, 
that the system under observation was certainly entangled. 
The temperature of the system is thus an entangiement wit- 
ness discriminating entangled states from separable ones. 



glement. We then discuss the relationship bctween the 
occurrence of Bose-Einstein condensation and our crite- 
rion for the presence of entangiement. We conclude in 
Section E] by a discussion of our approach, its results 
and implications, and give a perspective of possible fu- 
turc rcsearch. 



II. THE CONCEPT OF ENTANGLEMENT 
WITNESSES 

Entangiement witnesses are observables whose mea- 
surement outeomes discriminate all separable states 
p SO p (and possibly some entangled states) from a set 
containing only entangled states p C nt- The idea for the 
theoretical identification of an observable as an entan- 
giement witness is similar to a reductio ad absurdum 
proof. First we assume that the system is in a separable 
state with respect to a particular partition into two or 
more subsystems, in our case a partition into M spatial 
subsystcms. Then we derive a property based on this 
assumption, in our case the minimal energy Ei owest (M) 
of the system. We find a statement of the form 

If p is a separable state w.r.t. the partition into M 
spatial subsystems, then the energy of the system 
must be at least Ei owest (M). 

Negating this statement we find that the energy can 
serve as an entangiement witness for spatial entangie- 
ment 

If the energy of the system is below Ei owest (M), p 
is an entangled state w.r.t. the partition into M 
subsystems. 



By mcasuring a value below the lowest energy E t 

owest 

one can teli with certainty that the system under 
consideration was in an entangled state. Whcn in- 
vestigating systems in thermal equilibrium, we can 
define the temperature of the system which is usually 
monotonously related to the thermodynamical infernal 
energy by the equation of state. Thus we can translatc 
the energy Ei owest into a temperature Ti owest and use 
the temperature itself as an entangiement witness (sec 
Fig. The key observation of our paper is, that we 
are in fact able to construct non-trivial statements of 
the above form for the expectation vàlues of thermody- 
namical quantities (for example the energy, temperature 
or entropyjsÜ) which leads to thermodynamical criteria 
for the occurrence of entangiement. 



III. METHOD OF HOW TO IDENTIFY A 
THERMODYNAMICAL STATE VARIABLE AS 
AN EW 

To make a statement of principle we discuss our ap- 
proach of how to identify a thermodynamical state vari- 
able, e.g. the energy, as an entangiement witness on the 
example of a gas of free non-interacting Bosons. Us- 
ing thermodynamical relations we can then easily infer 
bounds for other thermodynamical state variables of the 
gas such as its temperature. Our argument is based solely 
on the Heisenberg uncertainty principle which requires, 
for example for the energy, that there is a non-vanishing 
zero point energy. The outlined method is hence in prin- 
ciple applicablc to all quantum systems; in particular it 
can be used for more complex, both non-interacting and 
interacting, Bosonic as wcll as Fcrmionic quantum ficlds. 
Furthermore, second or higher order observables likc the 
heat capacity can be investigated and used to construct 
EWs in much the same spirit. However, whether the 
method leads to a non-trivial entangiement witness will 
be up to the specific system and its Hamiltonian. 



A. Spatial entangiement 

Consider a gas of partides confined in one-dimensional 
box of length L. We want to investigate the entangiement 
of such systems with respect to a "spatial partition" into 
M subsets Aj of equal size AL = jj 7 where the spa- 
tial subsystems are just the ranges Aj = (xj— i, Xj] with 
Xj = (j — 4f) AL for j = 1, M (see Fig. EJ. Any state 
p describing the system can be written as a classical mix- 
turo of a set of pure states \x(i)}, P^HíPí IxWKxWI* 
with some probabilities pi (X^P» = 1) that the i-th pure 
state |x(*)) was prepared. To be separable with respect 
to the partition into M spatial subsets means that there 
exists a decomposition of the state p into pure tensor 
produets of each subset, so that[34| 
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FIG. 2: Schematic picture of a Bosonic gas moving freely in a 
box of length L. The finite size of the box requires that each 
Boson must carry at least the zero point energy Eo- However, 
if the Bosons are in a spatially separable configuration w.r.t. 
the partition of space into M subsets Aj, j = 1, ...,M, each 
Boson has on average an energy of at least the ground state 
energy E 3 in the subset Aj . For a free gas, E 3 is the same for 
all subsets and E 3 > Eo due to the Heisenberg uncertainty 
relation. The white dots represent Bosons which have energy 
higher or equal to E 3 and thus fulfil Heisenberg in the spatial 
subsets, whereas the shaded dots lie below this threshold. 



pm = £ft \x\i)){x\i)\ ® ... ® \x M (ï))(x M Ü)l (i) 

i 

Let us now calculate the energy of the system, (H), 
under the assumption that the system is in a separable 
state. Decomposition telis us, that we can evaluate 
the energy for each pure tensor product state |x(*)} = 
0j=i lx j (*)) and later average these energy contributions 
with probabilities pi (In the following we will drop the 
index i for clearness.). Because of the tensor product 
structure of |x), the average energy is just the sum of the 
average energies in the subsystems Aj and since we are 
intcrcstcd in a lowcr bound of the Hamiltonian, let us 
assume that the system is in the energy minimising state 
|Xo) in each subset Aj. The expectation value over the 
wholc system for each pure component |x) in Q is then 
boundcd from below by the sum of the minimal energies 
in each subset , 

M M 

(X\H\ X )IÍ P = XyW) > Etól^lXu)- (2) 

j'=i i=i 

Note, that if one would in contrast allow for entangled 
pure states in the above calculation, inequality J2J) could 
be violated and the system's minimal energy could reach 
vàlues below the sum on the RHS. This would be due to 
"interference" terms, produced by quantum corrclations 
or entanglement between the Bosons in the diffcrent sub- 
sets Aj. 

B. Free non-interacting Bosonic gas 

Up to here the argument is clearly independent of the 
actual system. The Hamiltonian of a specific system 




FIG. 3: How to put Bosons in a subset Aj so that the energy 
is minimised? The ground state for one Boson in subset Aj — 
(xj-i, Xj] is denoted by <j> 3 {x) with energy E 3 , similarly (fií has 
energy E\ and so on. To minimise the energy, non-interacting 
Bosons will all aceumulate in the ground state (shaded dots) 
since putting a Boson in a higher excitation e.g. <f>i(x) (white 
dot) will only raise the energy. 



comes in now, when we need the minimal energies in 
each subsystem Aj. Let us now focus on a free non- 
interacting Bosonic gas. We want to put an average 
number of (hj) = (Xol^IXo) Bosons in each subset Aj, 
so, as to minimise the energy. The first Boson we put in 
Aj will occupy the lowest possible one-Boson state \4> 3 ). 
We now want to put another Boson in subsystem Aj 
raising the energy as little as possible. Since we do not 
consider a repulsive interaction between the Bosons we 
clearly put the second Boson in the same state \<fi J ) and 
similarly for subsequent Bosons (see Fig. The states 
|Xo) minimising the energy for more than one particle in 
subsystem Aj are thus just arbitrary superpositions of 
number states of the excitation \4>q). If we included a 
repulsive interaction between the Bosons, the energy of 
the system would be raised since either we occupy higher 
energy excitations or we put more than one Boson in 
the same state \4> J ) which requires an extra amount of 
work to overcome the rcpulsion. Thus the lower bound 
derived in the following is also vàlid for repulsivcly in- 
teracting Hamiltonians. The energy of the states |xq) 

is thus (Xol-HlXo) ^ ("-j) (KWWo) ; with cquality for a 
non-interacting and inequality for a repulsivcly interact- 
ing gas. 

Let us now gencralise our derivation @ for any 
mixed M-scparable state, which can be written as in 
where each state |x(*)} satisfies (x(*)l^lx(*))ff P ^ 

Y^jLi^jii)) (^ol-^l^o): w ith being the number of 

Bosons in the i-th state in the j-th subset. Clearly, the 
lower bound of the energy of any general M-separable 
state is now just the same as for the pure case, 

{È)f ep = tr[p M É] = J2Mx(m\ X (i)) (3) 

i 

M 

> 5>,) (<I>Í\È\4), (4) 
where the average occupation numbers of each subsystem 
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Aj are (fij) = ^2iPi{nj(i)}, summing up to an avcragc 
total particle number TV. 

To evaluate the one-Boson ground state energies Eq = 
(çí>q | iï | çí>q) in each subsystcm we use that the Bosons 
move freely in each subset without any external potential. 
The ground state functions in each subset Aj are now just 

the first energy eigenfunctions 4>q{x) = sin ^^l^ 

of a free particle in a box of length AL = L/M, with 
energies Eq = " 2 OT ^ . For a c?-dimcnsional system with 
volumc Vd = L d and partitioning into M ranges in each 
dimension so that the total number of subsets is M d , the 
energy eigenfunctions become the product of the one- 
dimensional eigenfunctions in each spatial degree of free- 
dom. The kinetic energy in any dimension will hence 
be the energy of the onc-dimensional case with the di- 
mension as a pre-factor. The final lower bound on the 
energy of all M-scparable states of a free non-interacting 
or repulsively interacting Bosonic gas in d dimensions is 
thus 

{H)f ap > dN^^- = E lowcst (M). (5) 

This lowest energy can be understood heuristically by 
virtue of the Hcisenberg uncertainty principio. When we 
look at separable configurations we essentially squeeze 
the Bosons in boxes of volume (L/M) d . The uncertainty 
we have about their positions then requires a minimal 
momentum of KM/2L for each dimension and for each 
of the TV Bosons, so that the minimal energy of the gas 
is proportional to dN h 2 M 2 / mL 2 . This is in clear agree- 
ment with our derived formula for all separable states. 

Let us now shortly clarify the mind-boggling question 
of why the Bosonic gas should care about what we call 
a subset and behave in a separable way w.r.t. to our 
partitioning. Of course the Bosons are not physically af- 
fected by our imaginary partitioning. The mathematieal 
description of all separable configurations p of the 
Bosons however says that we can calculate the average 
energy of the gas for the artificial pure tensor product 
states which are the basis in decomposition ft). 

For these tensor product states the Bosons really have to 
fulfill the Heiscnbcrg uncertainty relation in every sub- 
set. Ncvcrthclcss, there arc many ways to mix a state 
p and the oceurence of p in nature does not imply that 
it has been mixed in the way we used in our mathemat- 
ieal analysis; the same state could very well be mixed 
from a set of entangled states ^tensor product). 

The point is that there exists a way to mix p out of 
tensor product states as in Q and the resulting aver- 
age energy corresponds to a separable state. This is re- 
gardless of whether this state was achieved by averaging 
over separable micro-configurations or entangled micro- 
configurations, thermodynamically speaking. However, 
since the energy is an additive quantity, a mixture of 
only entangled states resulting in a separable configura- 
tion must contain at least one entangled state that has 
an energy above Ei owest , so that the average is still above 



Eiowest ■ Such high energy entangled states would not be 
dctcctcd by our energy- analysis and this illustrates that 
EWs do not detect all entangled states. The situation is 
very similar to the bound entangled states which are not 
identificd as entangled by the PPT criterion. 

Our derivation resulting in J5J shows that the ob- 
servable energy is an entanglement witness discriminat- 
ing separable from entangled states. Any free non- 
interacting Bosonic gas having an energy below the 
bound JSJ can not be in a separable state w.r.t. the 
M spatial partitions, but must pertain to a state that is 
dcnnitcly entangled. The same strategy of deriving an 
energy bound applies when we investigatc Bosonic gases 
exposed to an external potential and/or showing infer- 
nal attractive interactions. Including the specific vàlues 
of these contributions and evaluating the ground state 
energy in each subsystem one can in principle derive a 
lower bound for any given Hamiltonian. The resulting 
bounds will depend on the particular case and will show 
dependence on important parameters e.g. coupling con- 
stants of the interaction. Such results would allow new 
insights in the effect of interaction forces on the genera- 
tion or extinction of entanglement, which we will address 
in further research. 

Our method can equally be applied to Fermions, but 
the energy may not be such a successful entanglement 
witness. Here the Pauli principle prevents the Fermions 
from condensing into the ground state and the minimal 
energy of separable states is of the order of the energy of 
the Fermi sea, the entangled ground state of a Fermi gas. 
Unfortunately the gap between theses energies will thus 
be much smaller and depend much stronger on the po- 
tential and interaction contributions than in the Bosonic 
case. Whether some thermodynamical state variables 
can serve as entanglement witnesses |T§j is then a ques- 
tion of how precise measurements of the observables can 
be made. 



IV. THERMAL STATES 

In the thermodynamical limit, where the number of 
partides TV becomes large, the Bosonic gas can be de- 
scribed within the framework of thermodynamics. This 
allows us to assign specific macroscopic properties to the 
gas, e.g. a temperature, a pressure and so on. The ques- 
tion we address here is: Is the gas in a thermal state for 
a specific given temperature in a spatially separable con- 
figuration or in a spatially entangled configuration? Or, 
Does a temperature exist, below which all thermal states 
must be entangled? 

The thermal state for any specific temperature T is 
completely determined by the Hamiltonian of the sys- 
tem, pt = e~P H /Z, where (3 = 1/ksT is the inverse 
temperature and Z = ti[e~* H ] the partition function. 
For most Systems, the thermal state takes only a pure 
form when the temperature reaches zero, otherwise px 
is a mixturo of múltiple excitations. This is also true in 
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our case of a free non-interacting Bosonic gas, which con- 
denses into a full Bose-Einstein condensate (BEC) in the 
limit T — > 0. A BEC is dcscribcd by a macroscopic wave- 
function with long-range correlations stretching over the 
whole condensate |l9j making it thereby spatially entan- 
gled in number. On the other hand, for T — > oo, pt 
"converges" to the complete mixture which is separable 
for any partitioning|35J. 



A. Transition temperature for entanglement 

Combining our previous microscopic analysis of sep- 
arable configurations of the gas resulting in the energy 
bound (JSJ with the macroscopic internal energy of a free 
Bosonic gas in cí-dimensional space pH ] , we are now able 
to derive a "transition temperature" of entanglement, 

, 2nh 2 ( NM 2 n \ 2/(2+d) . . 

Ttrans(M) - k^ï? Uc(l + d/2) ) ' (6) 

where £ is Riemann's zeta-function and m the mass of 
the Bosons. The temperature T trans marks the transi- 
tion of the gas from low temperature entanglement to 
high temperature separability. Below this threshold en- 
tanglement must dcfinitivcly exist in the system's state, 
whereas above both, entangled and separable configura- 
tions can in principle exist. This implies that the tem- 
perature of the gas is an entanglement witness in its own 
right; and so are other thermodynamical state variables, 
e.g. the pressure, as they are closely related to the energy 
or temperature via the equation of state. In a similar 
fashion higher order observables like the heat capacity 
can be investigated and used to construct EWs. 

The transition temperature in JïïJ) represents a macro- 
scopic entanglement criterion, which can be checked cx- 
pcrimcntally, typically by the mean vclocity mcasurc- 
ments of partides in the gas. Here we refer to these 
tcchniques simply as "a thermometer" , thereby motivat- 
ing our title. Moreover, our derived formula allows us to 
make general statements about the conditions sufficicnt 
for entanglement to oceur. In particular, since the zeta- 
function in (JüJ) takes finite vàlues for all dimensions d > 0, 
Ttrans does not vanish for any d and entanglement can ex- 
ist irrespective of the dimension of the system. From in- 
tuition we expect, that a higher number of partitions im- 
plies that there exist more states that are entangled with 
respect to these finer and finer subsets. Indecd the tran- 
sition temperature in formula JïïJ) grows with the number 
of partitions M thus extending the temperature range 
where only entangled states are present. By making M 
larger we find that entanglement can in principle exist 
at arbitrarily high temperatures provided that we can 
divide space into arbitrarily small parts. Even if we as- 
sume that we can divide space only down to the Planck 
lcngth, the temperature bound is still very high; of the 
order of the Planck temperature Tp w 10 32 A' if we as- 
sume threc dimensions and the mass and mass density of 



the respective Planck units. Moreover, we observe that 
the transition temperature decreases with growing mass 
of the partides. So, heavier partides are more difficult 
to entangle. This is in accordance with the usual ar- 
gument that more massive partides are less "quantum" 
because of their smaller de Broglie wavelcngth. Finally, 
in the classical limit h — > the transition temperature 
tends to zero and the set of entangled states detected by 
a temperature measurement vanishes. These propertics 
comfortably confirm the fact that there is no entangle- 
ment in the classical world. The physical significance of 
the transition temperature becomes even clearer when we 
contrast it with the critical temperature of Bose-Einstein 
condensation. 



B. Relation to Bose-Einstein condensation 

Bose-Einstein condensation [22L I23I I24I [25j is a low 

temperature effect occurring when a significant fraction 
of a Bosonic gas condenses into the (same) ground state. 
In our picture we can exclude any BEC in any of the 
subsystems roughly when we divide space into as many 
subsets as the number of partides, M d = N, so that each 
Boson can effectively live in a small box by itself, com- 
pletely disentangled from all others. Assuming a fixed 
particle density p = N/Vd, the transition temperature 
for entanglement becomes 

, d , 27rfty /d / tt \ 2/(2+d} 

(7) 

The transition temperature for entanglement 
Ttrans (M d — N) has a similar structure as 
the BEC critical temperature |2j| , Tcrit = 
2irh 2 p 2 / d /k B m (((d/2)) 2/d , having the same de- 
pendeney on the particle density p and the mass m. 
Note however, that the BEC temperature in one- and 
two-dimensional systems tends to zero with C, (d/2) — > 00 
and BEC cannot oceur at finite tempcratures[36j . In 
contrast, entanglement can oceur in lower dimensions 
as ((l + d/2) is always finite for d > 0. This is not 
surprising since the existence of entanglement is a much 
weaker property than the oceurrence of BEC. However, 
in three dimensions, the transition temperature for 
entanglement differs from the critical BEC temperature 
only by a factor of (approximatcly) 2. So the gas is 
entangled already at T traria but for BEC to oceur we 
have to still cool the system down to half the transition 
temperature. 

In the Bose-Einstein condensation experiments with 
Sodium in Ketterle's group 01 1 the number of parti- 
des is N = 7 ■ 10 5 and the size of the confining three- 
dimensional box is L = lO^ím. The researchers observe 
the first signs of BEC when the temperature reaches 
T = 2 ■ 10~ 5 A which corresponds to a transition tem- 
perature r trans (M) for M = 185 . Comparing M and 
N, we see that this agrees roughly with our prediction 
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for entanglcment since M 3 sa N. The range over which 
the spatially entangled states stretch is then maximally 
AL = L/M = 5 ■ 10 _8 m, being a bit less than the av- 
erage distance between the partides. So this range, or 
"entanglement length", stretches most likely over only 
onc Boson and no entanglement can be generated. Only 
when two or more Bosons come closer to each other than 
the average distance, in our picture there must be two 
Bosons in one subset at least, they can create entanglc- 
ment and start to form a small Bose-Einstein condcnsatc. 
At the temperatures rcportcd by the researchers this sit- 
uation starts to become more likely and they observe the 
phase transition into a BE condcnsate exactly then. 

V. CONCLUSIONS 

We havc discusscd a mcthod to investigate the spatial 
entanglement of continuous fields on the example of a 
free non-interacting Bosonic gas. Our method combines 
two points of view on the same picture. One view is the 
microscopic one, where we distinguish between spatially 
separable and entangled configurations of a Bosonic gas 
in a box. The other is a macroscopic or thermodynamical 
point of view describing the system as a whole without 
reference to its internal structurc. These two views seem 
not to fit together at first sight. Howcver, thermody- 
namics itself is the theory of macroscopic properties of a 
system resulting from its possible micro-configurations. 
This is the essence of one of the most astonishing formu- 
lae in physics, S = ks ln W, formulated by Boltzmann 
in 1877. Following this spirit, our entanglcment analysis 
shows that it is possible indeed to combine the micro- 
scopic entanglement view and the macroscopic thermo- 
dynamical view to obtain very reasonable predictions. 
In particular, this thermodynamical way of looking at 
entanglement allows us to approximate the BEC criti- 
cal temperature in three dimensions. This is possible 
because entangled states apparently form a macroscopic 
configuration which can be distinguished from the macro- 
configuration pertaining to separable states. Our deriva- 
tion therefore suggests that entanglcment can be consid- 



ered like any other thermodynamical variable: a macro- 
scopic property of the system, which can be observed 
using easily mcasurable thermodynamical state variables 
such as the internal energy and temperature (see also 

mm). 

Regarding entanglement as a thermodynamical prop- 
erty of the system does not only give us experimentally 
feasible observables at hand, but it is a necessary prereq- 
uisite for the oceurrence of Bose-Einstein condensation. 
The transition of a free Bosonic gas towards a BEC at 
the critical temperature T cr ;t is a first order phase transi- 
tion phenomenon. But it is not completely inconceivable 
that the point where separability turns into entanglement 
is, in fact, a much better indicator of phase transitions 
in general 0,H^- Phase transitions, very loosely speak- 
ing, oceur when many partides producc an effcct that 
is diffcrent from the microscopic properties of the con- 
stituents; in other words, the particle identity is then 
lost and submerged into the whole system. Exactly this 
happens when we cool the Bose gas below the transi- 
tion temperature and correlations start to stretch over 
more than one subsystem, thus turning separable states 
into entangled ones. The key difference between entan- 
glement and condensation we observed is, that entan- 
glement can exist in low dimensions while condensation 
cannot. How far this way of looking at critical phenom- 
ena can be extended and a ppli ed to strongly correlated 
exòtic superconductors [30l l3ll l3^|. for example, can of 
coursc only be clarificd by further research. 
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